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Navier-Stokes Solutions for Flow Past a Class
of Two-Dimensional Semi-Infinite Bodies

U. GHia* AND R. T. Davist
University of Cincinnati, Cincinnati, Ohio

The complete Navier-Stokes equations have been used to analyze the symmetric laminar incompressible flow
past a class of two-dimensional semi-infinite bodies including the family of parabolas and rectangular slabs as
special cases. The problem is formulated in terms of coordinates obtained from the Cartesian coordinates by a
conformal transformation. Similarity-type variables are used for the vorticity and stream functions. In these
variables, the solution approaches the Blasius solution far downstream and the correct inviscid flow transversely
far from the body surface. The formulation also produces the correct starting solution along the stagnation
streamline. An alternating direction implicit finite-difference method is used to obtain the numerical solution.
Results are presented for the skin-friction function and the surface pressure distributions for various values of
the problem parameters. For the rectangular slab with a sharp shoulder, the wall shear is unbounded at the
shoulder; however, the vorticity function employed remains bounded. For large Reynolds number, separation
and reattachment are observed aft of the region of the shoulder, resulting in a separation bubble of finite,
sometimes quite large extent. The flow structure in the separation region is carefully analyzed. Finally, it is
shown that a certain boundary-layer-type simplified form of the vorticity equation may be used in separation
studies if the displacement effects are correctly accounted for through the complete stream function equation.
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I. Introduction

T is desirable to use the complete Navier-Stokes equations

in order to describe a flowfield accurately. The resulting
solution is then uniformly valid in the entire flowfield. How-
ever, the difficulties associated with solution of these nonlinear
partial differential equations are well known. Analytical solutions
are impossible for all but the simplest flows where the equations
reduce to a considerably simpler form. Approximate methods of
solution are generally based on simplifying assumptions regard-
ing the vorticity transport - process or about the viscous
diffusion and the pressure field. The solutions thus obtained
are valid only in those regions of the flow where the assump-
tions underlying the solutions remain valid. One exception to
this is the boundary-layer solution obtained in optimal co-
ordinates ; for unseparated boundary layers, this solution remains
uniformly valid in the entire flowfield.

The present high-speed, large storage, digital computers have
now made it possible to solve the Navier-Stokes equations
without these simplifying assumptions. Many researchers have
pursued this direction. While these solutions are uniformly
valid, the computer time required to obtain these solutions
can become excessive for nonsimple geometry of the problem.
Efforts have also been made to overcome this difficulty by
developing efficient numerical schemes while simultaneously
developing better mathematical formulations of the flow problem.
Among this class of solutions are the results obtained by
Davis,! Davis and Werle,? and Davis, U. Ghia, and K. N. Ghia3+*
for the flow past parabolic cylinders, paraboloids of revolution,
and blunted and sharp wedges.
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The present paper represents a general and useful formulation
of the Navier-Stokes equations for a class of laminar in-
compressible flows. The problem is expressed in terms of
general conformal coordinates which reduce to the second-
order optimal coordinates for the corresponding nonseparated
boundary-layer flow past the semi-infinite thin flat plate.
Similarity-type vorticity and stream functions are used as the
dependent variables in the Navier-Stokes equations. The equa-
tions are then solved by an alternating direction implicit
finite-difference scheme to determine the symmetric flow past
two-dimensional semi-infinite bodies of the form shown in
Fig. 1 by the curves of n = const. For this geometry, the
conformal coordinates used are obtained from the Cartesian
coordinates by a Schwarz-Christoffel transformation. Results
are presented for the skin friction and the surface pressure
for several values of the Reynolds number and the bluntness of
the body shoulder. As this bluntness approaches zero, the skin
friction and the surface pressure gradient become unbounded
at the sharp shoulder. However, the vorticity function used in
the present formulation remains bounded even at the sharp
shoulder. The flow in the vicinity of the sharp shoulder has
been carefully analyzed by studying the locally valid Stokes
solution in this region.

Another contribution of the present study lies in the capability
developed for determining fiows that encounter regions of
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Fig.1 Semi-infinite body in Cartesian coordinates.
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separation and reattachment. For specified bluntness of the
body shoulder, a sufficiently large Reynolds number causes
the flow to separate from the surface aft of the body shoulder
and reattach to the body surface prior to reaching downstream
infinity. This results in a separation bubble of finite, sometimes
quite large, size. While the numerical scheme does experience
aretardation in its convergence rate for the separated flow cases,
it encounters no other difficulty whatsoever. Since the computa-
tional domain encompasses the entire flowfield, and not just
the separation region as was done by Briley,” it has been
possible to specify the problem boundary conditions very
accurately. To the best knowledge of the authors, this work is
perhaps the first of its kind in the Navier-Stokes solutions for
flow past semi-infinite bodies including a separation region.
It should constitute a firm basis for comparison and assessment
of other approximate solutions to such flows, the approximations
resulting from simplification of the Navier-Stokes equations.

II. Analysis and Mathematical Formulation

The geometry of the flow considered is shown in Cartesian
coordinates in Fig. 1. In this figure, if I/2 is taken to
represent one unit, then 7y, #,, 13, and 7, correspond to the
values 0.25, 0.50, 0.75 and 1.0, respectively. The &-coordinate
lines are also drawn at ¢ increments of 0.25. The complete
Navier-Stokes equations are used to describe this laminar
incompressible flow. In view of the symmetry about the y axis,
it is sufficient to compute the solution in only the upper half
of the (x,y) plane. However, for a body with a rounded
shoulder, the body surface does not lie along one of the (x, y)
coordinate surfaces. Therefore, the body is transformed to a
new plane of coordinates (&,#), using the Schwarz-Christoffel
transformation, such that

dz/d{ = [Re—(?]"? (1)
where z = x+iy and { = £+ in. The coordinates x and y have
been made dimensionless with respect to the viscous length
v/U,, where v is the kinematic viscosity of the fluid and U, is
the undisturbed freestream velocity. The Reynolds number Re
has been defined as Re = (2/m)U, I/v where [ is the thickness
of the corresponding body with a sharp shoulder. Integration
of Eq. (1) yields

z = 3{{(Re—(?)"/*+ Resin ' [{/(Re)'/*]} 2

The transformation defined by Eq. (2) places the body surface
along the coordinate surface n = const, denoted as #,, as
shown in Fig. 2. This results in facilitating the specification of
the boundary conditions of the problem, in addition to leading
to certain other advantages which will become clear in the
course of the paper. Thus, #,, and Re comprise the two para-
meters of the problem. Suitable combinations of these parameters

allow the study of flow past various geometries as summarized
in Table 1 below.

Table1 Combinations of parameters #,, and Re

Re =0 Re#0

Ny =0 Thin flat plate  Rectangular slabs with sharp shoulders
1w # 0 Parabolic cylinders Bodies with blunted shouiders
Hy = OO Infinite vertical wall

Therefore, the class of symmetric semi-infinite bodies analyzed
in the present study includes, as a special case, the family of
parabolic cylinders as well as the thin flat plate analyzed
elsewhere [Davis,! Dennis, and Walsh,® and Van de Vooren
and Dijkstra”].

The transformation defined by Eq. (2) is recognized to be a
conformal transformation. Therefore, the scale factors i, and h,
of the transformation are given as
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Fig.2 Semi-infinite body in (¢, 7) coordinates.

Using Eq. (1) and performing the necessary algebra, it can be
shown that

1
= 4
(E24+n%— Re)* + 4Ren? )
where H = 1/h and h = h, = h,. The Navier-Stokes equations

are now written in terms of these new coordinates using
similarity-type variables for the stream function and the vorticity.

4

Navier-Stokes Equations in Conformal Coordinates and Similarity-Type
Variables

The nondimensional form of the unsteady Navier-Stokes
equations in terms of the stream function (£, #%) and the
vorticity w(&, 77) can be written as

Yt Ve = —(1/H)w )
and
Opyt e+ Y 0,— Y0, = (1/H)w, (6)
where i and w have been made dimensionless with respect to
v and U,?/v, respectively. The time ¢ has been nondimen-
sionalized by v/U 2.

Similarity forms are now derived for the stream function
and the vorticity. In terms of the (£,1) coordinates, the
corresponding inviscid flow is the stagnation flow against a
vertical wall. It can easily be shown that if it is assumed
that the first-order inviscid stream function is of the form
&(n—n,) and the flow due to displacement thickness is of the
form ¢£, then the optimal coordinates that are orthogonal must
necessarily be conformal. The stream function ; for this
inviscid flow is obtained as

Yi=<¢m—nw) (7
Therefore, the suitable form for the stream function of the
viscous solution is taken to be

¥ =ZLfEn) ®

Substitution of Eq. (8) into the stream function Eq. (5) results
in the equation for the new stream function variable f(&, ) as

St feet QIO fe= —(1/EH)o )
The form of the right-hand side of Eq. (9) leads to the
following definition for the new vorticity function g(¢,#) as

o= —EH?(En) (10)
so that Eq. (9) now becomes
frm+f{§+(2/€)f§:g (11)

Using Eq. (10) in the vorticity, Eq. (6) yields, after some
algebra, the transformed vorticity equation as

gnn+[4(Hn/H)+ _
ﬂ_l:l_é ) H,,2+H§2+H,,,,+H§§
EH H? H
+ 9 (12)

v 2peen-r(1ea)

+ [4H/H)=Ef,]ge+ et (2/8)g.
= (I/Hz)gt
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In terms of the new stream function f(&,#), the velocity
components u and v along the ¢ and # directions, respectively,
are obtained as

u=CHf, (13)
and

v=—H[{f+f] (14)
Equations (11) and (12) are the Navier-Stokes equations in
terms of the new variables. It is important to note that, as Re
approaches zero, the transformation defined by Eq. (2) yields
the parabolic coordinates which are known to be the optimal
coordinates for the boundary-layer flow past a thin semi-
infinite flat plate.® This implies that, if the boundary-layer
equations are derived directly in the (&,7) coordinates, they
yield a uniformly valid solution for all # for the thin flat-
plate problem. This happens because the boundary-layer solution
in optimal coordinates approaches the correct outer flow
including displacement effects. Since the thin flat plate
represents a limiting case of the body in the present study,
it is expected that the coordinates defined by Eq. (2) should
also be advantageous for the present problem.

Boundary Conditions and Asymptotic Forms

The surface boundary conditions correspond to the absence
of slip at a solid wall, so that

fEnm)=0 (15)

and

& n)=0 (16)
Asymptotically far from the body surface, the external inviscid
flow prevails, leading to the boundary conditions

S 00) =1 17

and

g(§, )0 (18)
The symmetry of the flow about the line £ =0 is used to
provide the special forms of the Navier-Stokes equations (11)
and (12) valid at this symmetry line.
Finally, at an asymptotically large distance downstream, the
Navier-Stokes equations can be shown to reduce to

fll — g (19)
and
g +fg — [ +lim [2EH/H)]}g =0 (20)
& oo

where the primes denote differentiation with respect to 5. For
the form of H defined by Eq. (4), Egs. (19) and (20) can be
combined and integrated once to yield the familiar Blasius
equation. This is exactly what should occur because, as £ — oo,
the flow past the present body should asymptotically approach
the Blasius flow far downstream. Solution of Egs. (19) and
(20) therefore provides the correct downstream boundary con-
dition for the general Navier-Stokes Equations (11) and (12).
It should be noted that the correct asymptotic form is also
obtained for the case when the surface slope at downstream
infinity is a nonzero constant. In this case, Eqs. (19) and
(20) will integrate to yield the Falkner-Skan equation where
the inviscid surface pressure gradient parameter f; is to be
defined as

B = 1+1im [E(H/H)] 1)

[

Calculation of Surface Pressure

After the stream function f(&,n) and the vorticity function
g(&,n) have been determined from a solution of Egs. (11)
and (12), the pressure on the body surface at # =#,, can be
calculated by numerical integration of the momentum equation
for the ¢ direction. Expressed in terms of the variables f and
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g, the ¢-direction momentum equation yields an expression
for the tangential pressure gradient as

1 oP H
f?a? :gn+2#g+[€fé+f]fnn_éfr,f§”
H 1H
- |:1+€ ﬁ}fﬁ— Eﬁ[éfaf]z (22)

where the dimensionless pressure variable P has been defined
in terms of the dimensional pressure P* as P = (P*—P_)/pU %
Using the surface boundary conditions (15) and (16), Eq. (22)
yields the surface pressure gradient

1 op _[ +2Hn]
2o |, T H |, (23)

Equation (22) can also be used to obtain the tangential
pressure gradient for the outer inviscid flow by employing
in it the conditions for the inviscid flow, ie., f = (n—n,) and
g =0, to get

1 0P; H 1H
il | Sl _2fe o \2
e [+¢H] ) (24
where P; denotes the nondimensional pressure for the inviscid
flow. Comparison of Egs. (21) and (24) shows that, consistent

with the present formulation, a general similarity form for the
pressure gradient parameter f can be written as
B=—(1/EH*)0P/0¢ (25)

The surface pressure is evaluated by integrating Eq. (23)
backward from downstream infinity where the starting value
P =0 is known.

This completes the mathematical formulation of the problem.
Before proceeding with the numerical solution, it is of signifi-
cance to note that the analysis presented in Sec. IT is completely
general and is valid for any laminar incompressible flow that
can be transformed, by a conformal transformation, to the
stagnation flow against a vertical wall.

HI1. Numerical Method of Solution

An alternating direction implicit (ADI) method is used to
compute the numerical solution of the governing differential
equations (11) and (12) derived in Sec. II. The method is
similar to that used in earlier studies by the authors and their
co-workers for flows past parabolas and wedges. Therefore, the
numerical scheme is outlined here only briefly with respect to
the present general formulation which, in fact, encompasses the
earlier problems of the parabolas and the blunted wedges.

First of all, it is noted that the steady-state solution is
obtained as the asymptotic solution, for large time, of the
unsteady governing equations. Since the true transient solution
is not of interest here, certain steps are taken to enhance
the convergence of the solution to steady state, although these
steps cause the transient solution to lose physical significance.
These steps include setting to unity the coefficient of dg/dt in
Eq. (12), including a fictitious time derivative term Jf/dv in
the stream function Eq. (11) and iterating this equation only
once, rather than relaxing it completely, during each time step
of the vorticity equation (12). Faster convergence is also achieved
by starting the solution with a good set of initial conditions
obtained as the numerical solution of the reduced equations
that result by neglecting the time derivative terms and the
streamwise diffusion terms in the complete governing equations.
These reduced equations may be termed the ‘parabolized
Navier-Stokes equations’ because they are the Navier-Stokes
equations neglecting the nonparabolic terms. They include all
the classical boundary-layer terms as well as the second-order
curvature terms.

During a half-step of the ADI scheme used to advance the
numerical solution in time, the governing equations (11) and
(12) are represented as follows, where the time-derivative 0 f/dv
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has been included on the right-hand side of the stream
function equation ‘
S — Q/AV) f*—g* = — (2/Av) fji 12—

[feet QO felj+ 112 (26)

and
grm*'*:[4Hr/H+f*+€fé*]grl*+
4H, H,,2+H<2 H,,+H,
Eﬁ+2< i + T +
H H g+
2 ([ HLSH —<1+25¢> *
2 = ) -
[ H‘i * *_i *
4ﬁ_§fri ]gi Atg

2 +2
Atgj+!/2 e égg e

Considering the (j+3) subscripted terms as known from a
preceding step calculation, Eqs. (26) and (27) comprise a system
of partial differential equations, in f* and g*, parabolic in the
& direction. These can be readily solved along lines of constant &,
by the implicit numerical scheme developed by Blottner and
Fliigge-Lotz® for the boundary-layer equations using second-
order accurate central differences for all 5 derivatives and a
two-point backward difference for the term g./* It is noted
here that the initial condition or the starting solution for the
problem is obtained in exactly this manner after neglecting
from Egs. (26) and (27) all their right-hand side terms as well
as the terms (2/A¢) f* and (2/At)g* from their left-hand sides.

The next half of the time step in the ADI scheme solves the
equations implicitly along lines of constant #. The governing
equations (11) and (12) for this half step are written in the
following form:

[ﬁ§§+(2/'f)ﬂ§]j+ 12— (2/Av)fj+ 12 =
— QA f*—f*+g*  (28)
and
L9+ @Q/Og el jr 12— 2/ADG 112 =
_gnu*_[4H'/H+f*+éf§*]gn*_
4H, H!+HZ? H,+Hg
¢H 2( T H > .

(29)
g*—

H H
2P+ Ef- <1 +2¢ f)f.,*

[4H JH—Ef;¥]g* — (2/An)g*

In Eqgs. (28) and (29), the (j+4)-subscripted terms are the
unknowns whereas the *-superscripted terms are considered
known. Use of central differences for all ¢ derivatives on the
left-hand side of these equations results, again, in a tridiagonal
system of equations along lines of constant #; these are solved
by the Thomas'? algorithm.

The solution proceeds alternatively through the * step and
the (j+3) step until the steady-state solution is attained.

Finally, it is recognized that the stream function decays only
algebraically to its asymptotic value for large #. This necessitates
the outer boundary condition (17) to be imposed only as # — co.
However, it is computationally impractical to work with infinitely
large numbers. Therefore, for purposes of the numerical solution,
some further transformations must be defined. The new stream
function variable used is

h=f-n (30)
so that h remains bounded everywhere. Based on the asymptotic

behavior of the flow variables for large ¢ and large #, the new
independent coordinates are defined as

S=1-(4/5In[1+(&/4)] (31
and
n—"Hy
= 7w 32
N= - ¢2)
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Fig. 3 Vorticity function distribution on surface of blunt-shouldered
bodies.

The constants A and C appearing in Eqgs. (31) and (32) are
chosen so as to obtain a reasonably smooth variation of the
vorticity function in the S and N directions, respectively. In
terms of the (S, N) variables, the computational region is now
bounded in (0, 1) in both coordinate directions. Also, as # — o0,
h,— 0, in view of the boundary condition (17). The computer
program is written using these new variables.

IV. Results and Discussion

Results have been obtained for the stream function, the
vorticity function and the surface pressure for several values
of the parameters #,, and Re for the flow past the semi-infinite
bodies considered. The limiting cases of the parabolic cylinders
and the thin flat plate were solved first in order to obtain
comparison checks with the results obtained earlier by Davis.!
These checks show that the solutions presently obtained are
indistinguishable from the results of Davis.!

The streamwise distribution of the surface vorticity function
g(&,n,,) is shown in Fig. 3 for some typical cases of the body
with blunted shoulders. The physical vorticity at the surface is
then obtainable as — EH?(E,1,,)g(, 1,,). For the case with Re =
161.5, n,, = 10.0, the g(&,7,,) function decreases monotonically
from its leading edge value to the correct Blasius value of
0.470. As 5, is reduced from 10.0 to 0.5, ie, as the body
shoulder is made considerably less blunt, while the Reynolds
number is retained at Re = 161.5, the vorticity function is seen
to become negative over an appreciable distance aft of the region
of the blunted shoulder. While the drop of the vorticity function
to negative values is monotonic, the rise in the skin friction
from these negative values to the asymptotic Blasius value is not
monotonic. If #,, is retained at its earlier value of 10.0 while
the Reynolds number is increased from 161.5 to 20000, the
flow is again seen to separate in a region beyond the shoulder.
For this case, the decrease in the vorticity function from its
leading edge value to the negative value in the separation region
is not monotonic. However, the behavior of the skin-friction
function is seen to be consistent with the accompanying surface
pressure distributions for both of these cases. It is also observed
from Fig. 3 that as #,, or Re increase, the leading edge value
g(0,7,,) of the vorticity function approaches the stagnation point
value of 1.233. This is because an increase in 7,, or Re implies
that the shoulder becomes further removed from the point
(0,7, so that its influence on the flow at (0,7,) diminishes.
The body presents a leading vertical surface, of increasing
extent, to the oncoming stream, causing the flow in the vicinity
of the point (0,7,,) to approach the stagnation flow.

Figure 4 shows the curves of constant 7,/(Re)'?, near the
stagnation region, for the parameters 7, and Re having the
values used above. These curves provide a representation of the
shape of the corresponding body, especially the bluntness at
the body shoulder. A change in the values of 7, and Re,
such that the ratio #,,/(Re)'/? remains fixed, corresponds to a
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Fig.4 Typical curves of constant 7,.,/(Re)'/2.

change in the actual size of the body, while the body shape is
retained to be similar.

The distribution of g(¢,1,,) for the bodies with sharp shoulders
is shown by the curves in Fig. 5 plotted &/(Re)'/? as the
abscissa, so that the sharp shoulder is located at £/(Re)'? = 1.0
for all values of the Reynolds number. The values of Re used
are such that a grid point is always placed at ¢ = (Re)'’? in
the finite-difference solution of the problem. This ensures that
the sharp shoulder is retained even in the discretized problem.
For Re = 100.5, the vorticity function is seen to approach
extremely close to zero, so that the flow must be on the verge
of separation. As Re increases to 161.5 and beyond, the flow is
seen to separate aft of the shoulder and reattaches to the plate
surface before reaching downstream infinity, leading to a closed
separation bubble that increases in extent as Re is increased up
to 436.7. However, a further increase in the value of the Reynolds
number to 757.8 causes the size of the separation bubble to
start reducing, thus indicating that the bubble size probably
remains finite for all Reynolds numbers. The smooth approach
of the solution to the asymptotic Blasius solution indicates
that the Blasius result is the correct asymptotic boundary
condition for this flow.

In all cases investigated so far, the flow negotiates the turn
around the shoulder without separating. This is confirmed, for
large Reynolds numbers, by the locally valid Stokes solution.
For large Re, the flow in the vicinity of the shoulder can be
viewed as the antisymmetric flow around a corner with reference
to a polar coordinate system as shown in Fig. 6. It must be
recalled that the Reynolds number here is based on the thickness

" 7578

Fig.5 Vorticity function distribution on surface of thick plates,
N =0
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Fig. 6 Polar coordinates and nomenclature for Stokes solution at
sharp shoulder.

of the sharp-shouldered plate and is not to be confused with
the Reynolds number definitions useful for the Stokes solution.

Then, the Stokes stream function y(r, 8), valid in the vicinity
of the sharp shoulder, for large Re, is governed by the bi-
harmonic equation in {r, f) coordinates, subject to the boundary
conditions of no slip on the solid wall and antisymmetry about
the line § = 0. Accordingly (see Lugt and Schwiderski''),
cosm=2)(n—9) m0:| (33)

040,0)= D costm- 2y B

where & = n/4 for the present problem, m = 1.5448, and D is a
coefficient to be determined by matching the Stokes solution
with the numerically obtained Navier-Stokes solution in the
vicinity of the sharp shoulder. Equation (33) leads to the
vorticity

wy(r, ) = —4D(m—1)r"" % cos (m—2)0 (34

and the Stokes pressure, except for an additive constant, is
obtained as
Pyr,0) = —4D(m—1)r™"?sin (m—2)6 (39
Clearly, since m < 2, both w, and P, become unbounded at
the sharp shoulder where r = 0. It can be shown, however, that
the vorticity given by Eq. (34) leads to a bounded value for
the vorticity function g(&,#) used in the present formulation;
in fact, g goes to zero at the sharp shoulder. Since the surface
corresponds to 6 = —135° for & < (Re)'? and to 0= +135°
for £ > (Re)*/?, itis clear from Eq. (34) that the vorticity function
g does not undergo a change of sign across the sharp shoulder.
On the other hand, as seen from Eq. (35), a pressure differential
should experience a change in its sign across the sharp shoulder,
although the pressure itself may not reveal the change in sign
if a sufficiently large value of the additive constant is used.
All these characteristics of this local Stokes solution are observed
in the numerical results computed. The vanishing value of the
vorticity function g at the sharp shoulder, for increasing Re, is
most clearly seen for the sharp-shouldered slab with Re = 8.61
for which the flow is nowhere near separation.
The results for surface pressure distribution are shown plotted
in Fig. 7. In view of the discontinuity in the pressure differential

04 b lo
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Fig. 7 Surface pressure and surface pressure gradient distributions.
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at the sharp shoulder, as discussed above, it is recognized that a
unidirectional integration of the surface pressure gradient 0P/0¢
will lead to inaccuracies in the surface pressure values after the
shoulder has been crossed. Thus, for the bodies with #,, <
(Re)'’?, a backward integration of dP/0¢, starting from down-
stream infinity, should be used for ¢ > (Re)"’? and a forward
integration of 0P/0¢, starting at & =0, must be employed for
& < (Re)'? in order to obtain accurate values of the pressure
on the entire surface. The boundary condition needed at ¢ =0
for the forward integration of OP/0¢ is obtained as the value
of the pressure at ({ =0, # =#,,) determined from integrating
the following #-direction momentum equation along the line
& =0, starting at y — oo, where P =0

opP

| =[fH(,H+ fH)-H] (36)

n &=0 &=0

A typical curve of the surface pressure gradient is also
included in Fig. 6 and shows that the numerical results are in
accordance with the analytical predictions [Eq. (35)] for the
flow in the vicinity of the sharp shoulder, when Re is large.

For Re =161.5 and #,, = 10.0, no reverse flow occurs and
the pressure decreases monotonically from its leading edge
value of about 0.5 to its downstream asymptotic value of zero,
the drop occurring mainly in the region of the blunted shoulder.
For the cases which encounter a region of separation, the
dimensionless pressure decreases to negative values (that is, the
dimensional pressure P* becomes lower than P_*) near the
shoulder. This is followed by a region of increasing pressure,
resulting in the separation of the boundary layer from the body
surface. The surface pressure returns to zero further downstream,
causing reattachment of the boundary layer.

The value of the pressure difference across the sharp shoulder
has also been determined analytically by using the Stokes
solution, Eq. (34), at the two points marked “1” and “2” on
Fig. 6. These points correspond to the finite-difference compu-
tational grid points nearest to the sharp shoulder, on either
side of the shoulder, and located on the plate surface. Thus,

P,,—P,, = —4D(m—1)sin 3(m——2)%[r2"‘_2+r1"'_2] 37)

The constant D needed in evaluating (P, , — P, ;) is determined
by equating the Stokes vorticity function with the value of g
determined numerically from the Navier-Stokes solution.
Accordingly,

2
D= g (38)
4(m—1)r™ “cos (m—2)8
evaluated at either point “1” or “2”.

The numerical scheme used encounters no difficulty because
of the presence of a reversed flow region within the com-
putational domain. Recalling that a backward finite difference
has been used for the streamwise convective term g, in the
vorticity equation (12), it would appear, at first, that an in-
stability may be encountered for the separated flow cases, in
view of the fact that the corresponding boundary-layer formula-
tion does not converge for reversed flow. However, no in-
stability was observed in the present formulation. This is because,
although the # implicit sweep in ADI method solves boundary-
layer-type equations, the subsequent £ sweep makes corrections
for the upstream influence and displacement effects in the flow.
In fact, attempts were made to use a central difference for the
convective term g.; obtaining a stable solution by this pro-
cedure required a time step at least a hundred times smaller
than that usable with the backward difference formulation for g
Therefore, the backward difference was retained for all cases.
For the cases including a separation region, the convergence
was markedly retarded ; the approach of the solution to steady-
state values occurs at a very slow rate. While the cases
without separation converged within less than a minute of
computing time of the IBM 370/165 computer, some variations
could be observed in the results for the separated flow cases
even after 10 min of iterations on the same computer. Even
though the changes were occurring in the third decimal place,
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they could become significant if they continue to persist through
several more iterations. Some attempts were made to enhance
the convergence rate by use of different values of the time
steps Av and At in the governing equations, but no particularly
optimum time steps have been determined so far.

It is generally acknowledged that the use of upwind differences
or directional differencing is advantageous for stability and con-
vergence of the numerical solution because upwind differencing
takes into account the direction of the flux of information
arriving at a point in the flowfield, while also introducing an
artificial viscosity term in the finite-difference equations. How-
ever, the use of upwind differences for the present problem
leads to negligibly small improvement in the convergence rate
as compared to the backward difference formulation for g, In
order to observe the effect of the artificial viscosity term intro-
duced by the use of directional differencing, the equivalent
of this term was subtracted from the finite-difference equations.
This can be achieved as follows without the use of additional
logical “IF” statements in the computer program. Denoting by
C, the coefficient of the convective term containing g: in
Eq. (12), this term is written in finite-difference form as

%(C4| +Ca) I:gm_A#]Zg -
Seigte e o
where
Ci=4H/H-(f, (40)

In Eq. (39), S is the independent variable defined by Eq. (31)
and m is the discretized grid counter increasing in the direction
of increasing S. The last term on the right-hand side of Eq. (39)
represents the correction for the artificial viscosity diffusion
term.

For forward flow, C4 < 0 and Eq. (39) replaces g; by a first-
order accurate backward difference together with the correction
term. In regions of reversed flow, C, may become positive. In that
case, Eq. (39) replaces g, by a first-order accurate forward
difference along with the correction term. A stable solution again
required a reduction of the time steps by a factor of at least
100, but the convergence rate remained almost unaltered. This
is obvious because the removal of this artificial viscosity term
is, in a sense, equivalent to the use of a central difference for
the convective term ; the latter procedure had been earlier deter-
mined to require similar reductions in the time steps. It is worth
noting, however, that for unseparated flow, the solution remains
almost unaffected by the artificial viscosity term. The correspond-
ing separated flow has not yet been fully resolved using this
formulation.

One purpose that the present study can serve is to analyze
the question: when and how, if at all, can the boundary-layer
equations be used to provide reasonable solutions for separated
flow? It has been well established that the boundary-layer
equations may be used to predict separated flow if the boundary
layer is allowed to continuously interact with the external
inviscid flow, thus generating its own true pressure gradient,
rather than employing the basic inviscid pressure gradient. In
other words, the correct displacement effects must be taken into
consideration. For separated flow, the displacement body may
not be determined, a priori. However, an accurate method of
accounting for displacement effects arises through recognizing
that the terms [ fz:+(2/¢)f;] in the stream function equation
correspond essentially to displacement effects. Therefore, in
partial answer to the question addressed to above, solutions
were obtained by parabolizing the vorticity equation, ie.,
neglecting the terms [ g.. + (2/£)g:— g,] in Eq. (12) while retaining
the complete stream function equation (11). These results repro-
duce almost exactly the corresponding solutions of the complete
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Navier-Stokes equations for the three cases for 7, = 10.0 and
1, =0.5 as shown in Fig. 8. For the values of n, shown,
the stagnation point skin friction, determined from the two
solutions, differs by a maximum of 3.5% for a range of
Reynolds numbers between 2.22 and 2000.0. This has the very
significant implication that it is not necessary to solve the
complete Navier-Stokes equations in these separated flow
studies; it is possible to use a considerably simplified form,
of the boundary-layer type, for the vorticity equation. This
indicates that boundary-layer equations should be adequate for
analyzing these separated flow cases if an accurate model is
employed for the corresponding inviscid flow.

V. Conclusion

The flow past a class of semi-infinite two-dimensional bodies
with blunted or sharp shoulders has been studied using the
Navier-Stokes equations. To the best knowledge of the authors,
the analysis developed in the present paper is the first of its
kind for the body shapes considered. The formulation is quite
general and includes the flow past parabolic cylinders, thin flat
plates and vertical walls as special cases. Other body shapes
(e.g., wedges) could also be easily studied by appropriately
redefining the function H in Eq. (4). The flow in the vicinity
of the sharp shoulder has been carefully analyzed. While
separated flows have been studied by other researchers, as for
instance, Briley® and Leal,!? using the Navier-Stokes equations,
the present analysis appears to be free of anomalies in the
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boundary conditions of the problem. Therefore, the results of
the present study can lead to assessment and improvements in
boundary-layer analysis for separated flows. The good agreement
between the Navier-Stokes solution and the results obtained
when the vorticity equation was parabolized indicates that it may
be possible to study separated flow with boundary-layer-type
equations if displacement effects are appropriately taken into
consideration.
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